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COHSERVATIOH OF EHERGY 

IHTRODUCriOH 

loiagine a bicycle rider coasting without pedaling along a road that is very 
sniooth but has a lot of small hills* As he coasts up a hill» the force of 
gravity will » of course » slow him down; but it speeds him up again as he goes 
down the other side* We say that gravity is a conservative force because it 
gives back as nwch kinetic energy (K£) to the cyclist when he returns to a lower 
level, as it took away when he ascended to the top- We therefore assign a gravi- 
tational potential energy (PE) U^ to the cyclist, which depends only on his 
elevation* The lost kinetic energy is converted into this Ug* Me then find to 
our delight that the s\m E = K + U^ is (approximately) constant: U^ is larger 
at the top of *each hill, and smaller at the bottom, in just such a way that its 
change compensates for the change in the kinetic energy K: This is an example 
of the conservation of mechanical energy * 

However, if we watch the cyclist for some time, we are disappointed to find that 
K + Ug is only approximately conserved; frictional forces gradually slow the 
cyclist down; and after awhile he starts pedaling again, thereby increasing 
K + Ug* But still, all is not lost. The energy-conservation law can be saved 
by defining other kinds of energy (for example, chemical, thermal, and nuclear) 
that are produced by the action of so-called nonconservative forces* If we call 
these nonmechanical energy fonns E^^, then E = K + U + E^^ is exactly conserved* 
!n fact, energy conservation is one of the great principles of physics, and one 
that holds even outside the domain where Newton's laws are valid* 

Another example of energy transformation is provided by hydroelectric power 
production, beginning with the v/ater stored behind a high dam. As the v/ater 
rushes down the intake pipes it gains kinetic energy, then does work on the tur- 
bine blades to set them in motion; and, finally, the energy is transmitted 
electrically to appear as heat in the oven in your kitchen. Experience v/ith 
energy transformations of this kind led to the formulation of the law of conserva- 
tion of energy in the middle of the nineteenth century: ENERGY CAN BE TRANSFORMED, 
BUT HEITHER CREATED NOR DESTROYED* This law has survived many scientific and 
technolbgical developments since that time, and our conception of the possible 



STUDY GUIDE: Conservation of Energy 



2 



forms of energy has been enlarged* Whenever it seemed that energy was created 
or destroyed, physicists ultimately have been able to identify a new energy source 
(for exenjple, thennonuclear energy in the sun) or a new energy receiver (such as 
neutrinos in beta decay), 

!n this module we shall be conceited only witn n^chanical energy and energy 
exchanged by doing work* We shall therefore be describing examples of mechanical 
energy conservation - the case of the ideal bicycle rider, and nonconservation of 
mechanical energy - the case of the real bicycle rider or the hydroelectric power 
plant. As a matter of fact, all practical, physically realizable phenomena involve 
friction, air resistance, and similar effects that result in som heating and a 
corresponding loss of mechanical energy. We shall therefore deal with idealized 
situations in which frictional forces are absent or are of a simple form. Since 
these forms of mechanical energy loss are often very small, our descriptions will 
be adequate approximations for many phenomena, and th^ will illustrate the law 
of conservation of energy as applied to mechanical processes. 



PREREQUISITES 



Before you begin this module, location of 

you should be able to: Prerequisite Content 



*Calculate the work done by constant or variable Work and Energy 
force (needed for Objectives 3 and 4 of this module) Module 

*Apply the work-energy relationship to solve problems Work and Energy 
involving conservative and/or nonconservative forces Module 
(needed for Objectives 3 and 4 of this module) 



LEARHIHG OBJECTIVES 

After you have mastered the contents of this module, you will be able to: 

1. Forces - Define a conservative or a nonconservative force, or distinguish 
between them in problems. 

2* Potential energy - Calculate the potential energy function U(x), given a 
conservative force F(x] depending on one coordinate; or conversely, given 
U(x), find F(x), 

3* Conservation of mechanical energy - Use the law of conservation of mechanic 
cal energy for conservative forces to solve problems involving particle 
motion in one dimension* 

4. Conservation of total energy - Apply the law of conservation of total energy, 
specifically including frictional forces, in the solution of problems of 
particle motion in one dimension* 



ERLC 
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"IHXT: Frederick J. Bueche, Introduction to Physics for Scientists and Engineers 
(KcGraw-Kin, Hew York, 1975), second edition 



SUGGESTED STUDY PROCEDURE 



Read Chapter 8, Sections 8.5 thmigh 8.8 and Chapter 9, Sections 9.6 through 
9.9. Sueche treats the objectives in this module in different order from 
roost texts. He would suggest that you read Sections 8.5 and 8.6 in which the 
author shows that the ability of the gravitational field to do work on a 
man can be defined as gravitational potential energy, £q. (8.6); then skip 
to Chapter 9 and read Section 9.6 up to Illustration 9.5, in which the potential 
energy of a spring is derived in Eq. (9.16). These are the tm forms of potential 
energy we will use most often. Hany others exist in natut^, however, and the 
point of Objective 2 is the general relation between force and potential. 
At the end of Section 8.5 (p. 119), the work of gravity is shown as a sum of 
increments over a path in y. This would result, in the limit, in a general 
relation for an arbitrary conservative force: 

x« 

U(x) = -/ ^ F(x) dx. 
''I 



BUECHE 



Objective 
Nuii^er 



Readings 



Problems with Assigned Problans 
Solutions 



Study Text 
Guide 



Study Guide 



Additional 
Problems 



1 

2 



Sec. 8.5 
Sec. 9.9 



Sec. 8.8 



A 

8, C 



Sees. 8.5- D, E Illus.* H» 0, P 

9.5 



nius. 8.8, 
8.9, 9.6, 
9.8 



Q, R 



*Illus. - niustratlon(s). Quest. • Question(s). 



Chap. 8, 
Prob. 2, 
Chap. 9, 
Probs. 30, 31 

Chap. 8, 
Quest.* 6, 
Probs. 17i 23, 
25; Chap. 9, 
Probs. 21 , 25, 
27 

Chap. 8, 
Quest. 8, 14, 
Probs. 16, 18, 
21, 22 



erJc 
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How read Section 9.9, which derives the differential relation between F(x) and 
U(x): 

F = - dU/dx. 

(Vou need not Korry about nK>re than one diioensioi^.} Uith these equations the 
potential energy function can be found for an arbitrary force, and conversely 
F(x) can be found for a giv^n U(x). Problems 8 and C in this module and problems 
30 and 31 in Chapter 9 of the text are keyed to Objective 2. You have already 
read about conservative and nonconservative forces in Section 8.5. Conservation 
of inechanical energy is treated in Section 8.7. Note that the author does not 
use the tera "iDechanical energy,** preferring to use the synibolic fonn (U -i- K) 
instead. In Objective 3, "(U + Kr is equivalent to "mechanical energy." 

The last logical step is to extend conservation ideas to nonconservative forces. 
This is done in Section 8.8. !t should be pointal out that in Illustration 8.8, 
the "friction work" is the energy output equivalent of the actual mrk done by 
friction on the bo(|y (which is a negative quantity). 

Read the General Comments; stu^y the solutions to Problems ^ through F; and 
solve Probleng M through R. !f you need more practice, you my wish to work 
some of the optional problems listed above. Take the Practice Test be-^ore 
attempting a Hastery test. 
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TCXT: David Hallid^ and Rt^ert Resnick, Fondaaentals of Physics (Miley, New 
York, 1970; revised printing, 1974) 



SU6GESTE0 STUDY PROCEOURE 

Read all of Chapter 7 except Sections 7-6 and 7-9. You should have no difficulty 
with Objectives 1 and 2, which are well described in the text. The important 
principles of ener^ conservation are developed logically but rather briefly 
In Sections 7-7 and 7-8. You should note that Eq. (7-12b) Is a statement of 
conservation of nschan'rcal energy and is applicable to problems that do not 
involve friction. Section 7-8 discusses how to include friction or airy other 
non conservative force in the conservation principle. The last equation on 
p. 125 is a statement of conservation of total energy. The formulas given in 
General Cooinents may help you solve problems. 

Read the General Cofiments; stu4y the solutions to Problems A through F; and 
solve Problems ^! through R. If you need more practice, you may work some of 
the optional problems listed below. Take the Practice Test before attempting 
a Mastery Test. 

HALLIDAY AND RESHICK 



Objective Problems with Assigned Problems Additional 

fjyinber Readings Solutions . Problems 

Study Text Study Guide (Chap. 7) 
Guide 



1 Sees. 7-2, A Quest.* 2, 
7-7 3, 4 

2 Sees. 7-3, 8, C Ex.* 1, M Probs. 2(a), 
7-4 2, 3 3(a), 15(a), 

22 

3 Sees. 7-3 0, E Ex. 5 N, 0, P 5, 7, 17, 
to 7-5 18, 25, 28, 

30 

4 Sees. 7-7, F Q, R 23, 32, 33, 
7-S 37. 39 [part 

(d) is ^ 
difficult] 

*Ex. = Example (s). Quest. * Question(s). 
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TEXT: Francis Weston Sears and Mark W. Zemansky, University Physics (Addison- 
Mesley, Reading, Hass., 1970), fourth edition 

SUGGESTED STUDY PROCEDURE 

Read Chapte>^ 7, Sections 7-4 through 7-8. The authors develop the principle 

of conservation of mechanical energy but do not state it in a form directly 

applicable to Objective 3. Equation (7-14) is a statement of total energy 

conservation (Objective 4) In which W contains the nonconservative forces. 

As the authors state, when W - 0; + = 0 = conservation of mechanical 

energy. Some further discussion of this is given in the General Comments. Note 

that the text notation is different from the more cormion notation we have used 

in the General Coirairents; E_ = U , E- a W h W„. Note that Objective 1 is 

p p K nc 

not covered In the text until Section 7-6. This change In order from other 
texts Is unimportant and should cause you no difficulty. 

Guidance for Objective 2: In the previous module Work and Energy » the work- 
energy theorem was Introduced In terms of the kinetic energy; 

aE. = F • <is. 



'»= s 



1 



SEARS AND ZEMANSKY 



Objective Problems with Assigned Problems Additional 
Hifliiber Readings Solutions Problems 



Study Text Study Guide 

Guide 



1 Sec. 7-6 A 

2 Sees. 7-4, B, C H 7-11, 7-12, 
7-5, 7-7, 7-13, 7-34 
7-8 

3 Sees. 7-4, D, E Sec. 7-4, N, 0,, P 7-22, 7-23a, 
7-5, 7-7, Ex.* 1, 7-26, 7-29 
7-8 2, 4, 5 

Sec. 7-8, 
Ex. 3 

4 Sees. 7-4, F Sec. 7-4, Q, R 7-19, 7-24, 
7-5, 7-7, Ex. 3 7-27 

7-8 

O *Ex. - Example(s). 10 

ERIC 
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In Section 7-4, the text introduces the potential energy, associated with the 
ability of a body in a force field to do work, by considering as an example 
the energy of a body In a gravitational field. The text then generalizes the 
concept by introducing elastic poential energy. This treatment leads easily to 
the conservation-of-energy law, but obscures a useful relationship between 
force and potential energy. As you read Section 7-4, note that if = 0 in 
Eq. C?-?), then (rearranging terms) 

12 12 
mgyg - mgy^ = -(^Vg - ^^)* 

or in general " " \* f^^m Work and Energy 
^1 

Alternatively, this relationship may be stated in differential form: 
F(s) = -dEp(s)/ds. 

You will be assisted in mastering this objective by studying Problems B and C. 

Read the General Consnents; stu^y the solutions to Problems A through F; and 
solve Problems M through R. If you need more practice you should work some of 
the optional problems listed In the Table. Try the Practice Test before 
attempting a Mastery Test. 



li 
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TEXT: Richard T. Weidner and Robert L. Sells, Elementary Classical Physics 
(Allyn and Bacon, Boston, 1973), second edition. Vol. 1 



, SUGGESTED STUDY PROCEDURE 

Read Chapter 10, Sections 10-1 through 10-5. Although the order of presentation 
is different from the order of the objectives, we suggest you read the text 
in order. You may omit Eq. (10-7), since we are limiting this module to motion 
in one variable. Al] of the material in Sections 10-1 through 10-4 is a 
development of the concept of potential energy, although Section 10-4, Property 
5 will help you the most to develop problem-solving skills for Objective 3, 

In Section 10-5, the conservation of total mechanical energy is defined, 
E - K + U = constant. The total energy of an isolated system is always conserved, 
but mechanical energy is conserved only in the absence of friction and other 
non conservative forces. Read the General Coirenents; study the solutions to 
Problems A through F; and solve Problems H through R. If you need more practice, 
you iray work sonie of the optional problems listed below. Try the Practice Test. 



WEIDNER AND SELLS 



Objective 
Nuinber 


Readings 


Problems with 
Solutions 

Stu(ly Text 
Guide 


Assigned Problems 

Study Text 
Guide 


Additional 
Problems 


1 


Sec. 10-4 


A 






2 


Sees. 10-1 


B, C 


M 


10-17, 




to 10-4 






10-18 



3 Sec. 10-5 D, E Ex.* N, 0, 10-2, 10-3, 

10-1 to P 10-4, 10-9, 

10-6 . 10-10, 10-11, 

10-14 



4 Sec. 10-5 F Q, R 10-16, 10rl9, 

10r20 



*Ex. - Exaraple(s). 
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GENERAL COKKBiTS 

The texts vary somewhat in their presentation of formulation for conservation 
of mechanical energy and total energy convenient for solving problems. He 
suggest the following for probleiits involving single springs and single masses 
(or multiple masses moving at the same velocity). 

(1) Kschanical pjiergy conservation: K- + = + or 
(l/2)mv^ + G/2)fex^ + njgh- + U- = (l/2)mv^ + 0/2)kx^ + mgh^ + U^, 

where the subscripts i and f refer to initial and final states of the motion. 

(2) Total energy conservation where friction is the only nonconservative force: 



The absolute nagnltude sign has been used for the work of the frictional force 
to avoid sign confusion, which arises because 

''l 

But since f and dx are always oppositely directed^ ?*dx * -f dx(cos 9); Hence 
EfiQ f cos e dx- It should be pointed out that because one is always concerned 
only with differences in potential energy, the choice of the zero of potential 
energy is arbitruary- If the force associated with the potential erergy is con- 
stant» as in the case of the gravitational force on an object close to the earth» 
we may choose any convenient horizontal level (usually the lowest^ or ground 
level) as the zero for gravitational potential energy* If, on the other hand, 
the force varies with displacement, as in the case of the spring, it is 
customary to choose the zero of potential energy as that displacement for 
which the force is zero- 
Objective 1 will be satisfied by the following statement: A force is 
conservative if the work done by It oh a particle that moves between two 
points depends only on these points and not on the path followed* A force 
is nonconservative if the work done by that force on a particle th9t moves 
between two points depends on the path taken between those points. (See 
Problem A for an alternative definition.) 



ERIC 
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PROBIEH SET WITH SOUJFIOHS 

A{T). Etefine a nonconservative force and give an exaniple of one. 
Solution 

A force is nonconservative if the work done by the force on a particle that 
moves through any round trip is not zero. (See General CtHiments for 
alternative definitions.) 

Exaniple: friction 

A block sliding on a flat surface is projected against a spring npunted 
on the wall. If the surface is frictionless» the block will be brought 
to rest momentarily by the spring. The ytork done by the spring on the 
body is 

i ' 

The motion reverses; on the outward path the work ctone is = +(l/2)kx , 
and the total vrark + = 0. If the surface Is not frictlonless, then 
the work done by the frictlonal force Is 

% = ? • dx. 

Is negative In both directions » and M-j + 0 for the round trip. 
Frictlonal forces, therefore, are an example of nonconservative forces. 
Conversely, for a conservative force the round-trip work Is zero. 

B(2). a body moving along the x axis Is subject to a force given by 

2 

F(x) * - kx + cx . Find the potential energy function for this 
force. Let U(x) - 0 at x * 0. 
Sol ution 

The potential energy Is defined as U(x) ~ " F(x)dx + U(Xq). 
In this case Xq = 0 and U(xq) = 0. 

U(x) ^ kx6x~ cx^ dx, U(x) = l^kx^) - kcxh- 
0 0 <: cf 

C(2). What force corresponds to a potential U(x) - -k^m^nig/x + I^x? 



^ Problems satisfying Objective 4 also satisfy Objective 1 (i.e.. Problems 
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Solution 

For one-dlsienslonal laotion F(x) = -dU(x)/dx. Therefore, 
FW-i^-J/^)->2X) = -(-!-p)-(lC2). 

B(3). A 1.00-kg object coasts along a smooth horizontal surface at 2.00 m/s 
and strikes a spring with force k = 25.0 U/m whose right end 
is finnly attached to the wall. What is the inaxiroum aiBount by which 
this spring is conipressed? (See Fig. 1*) 



Solution 

Use conservation of inechanical energy, taking i to b3 the point of first 
contact with the spring and f as the point of maximum compression: 

K- + U^- ^ + U^, (l/2)niv^ + 0 = 0+ (l/2)kx^, 

X - (fn/k)^^^(v) = (1.00 kg/25.0 ti/m}^^^ (2.00 m/s) = 0*40 ro. 

Of course, when the object is at rest, the spring continues to push to the 
left, and the object is accelerated to the left. When it returns to its 
initial point the energy conditions will be the same as in i above, although 
V will be oppositely directed. 



Figure 1 



E(3). A block of mass 1.00 kg. Initially at rest. Is dropped from a height 
h = 1.00 in onto a spring whose force constant Is k = 50 N/m. Find 
the maxlmuro distance y that the spring will be compressed. (See 
Fig. 2.) 

Solution 

This is a process for which the principle of the conservation of mechanical 
energy holds. At the moment of release, the kinetic energy Is zero. At the 
moment when njaxlmim cOTiprasslon occurs, there is also no kinetic energy. 
Hence, the loss of gravitational potential energy of the block equals the 
gain of elastic potential energy of t^e spring: 

15 
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Figure 2 1 

1. ^i+y 




/ / 7 / / //'/// 

Release Maximum 
/*_ 1 o /t Compres- ion 

-g{h * y) = (]/2)fcy2 or y2 - - 2^h/k = 0. 

Therefore, 

y = 0.196 m + (1/2)(0.154 + 1,568)^^2 ^ ^ ^^^^g ^ ^^^^^ ^ ^ ^ 

(The negative solution corresponds to stretching the spring and is an 
unphysical solution since the block is not attached to the spring.) 



F(4). 




figure 3 



A 5.0-fcg body is given an initial speed up an incline plane of 4.0 m/s, 
it coasts up the plane, comes inomentarily to rest, and then coasts 
down again, its speed at the base of the incline being 3.00 la/s on 
return, (a) How much energy is dissipated in friction? (b) If the 
angle of the incline is 37*. what distance does the body travel up 
along the incline, assuming one-half of the energy found in part 
la) is expended as the block goes up the plane? 
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Solution 

(a) Ke find the loss In ir^chanlcal energy by comparing the Initial and final 
mechanical energies. The potential energy Is the saine In the Initial and final 
states* the bot^ be1ng» both Initially and finally^ at the base of the Incline. 
Therefore* the decrease In the niechanlcal energy Is simply the change In the 
kinetic energy: 

^nc " **^1 * ^ *'^f " M " *^^2)m (V? ^ V^) 

= (l/2)(5-0 kg)(16-0 - 9.0 ^is^ = 18.0 0. 



(b) Now we choose as our final state that at which the body Is inbnientarlly 
at rest on the Incline. From part (a) We know that 9.0 0 of mechanical energy 
have been converted Into nonniechanlcaT energy as the body Increases Its 
vertical dlsplacenent by y = d sin 6, as shown In the figure. 

9.0 0 = C(l/2) mv? + 03 - (0 + ingd sin e) 

= (l/2)(5.0 kg)(16.0 mW) - (5.0 kg)(9.8 m/s^)d(s1n 37*>), 
d - (40 - 9,0)/29.4 - 1.05 m. 



Problems 

H(2). Find the potential energy function corresponding to this force field 
often used to describe the Interaction of two atoms In a molecule: 

F(r) ^ -A/r^ + 8/r^^ 

(r Is the distance between atoms» A and 8 are constants), lit the 
potential energy be zero when the atoms are Infinitely far apart. 
Draw a rough sketch of the force and potential energy function. 

N(3). A particle Is suspended at one end of a taut string whose upper end Is 
fixed In position (a simple pendulum). The string's length Is 12.5 m, 
and the particle passes through the lowest point at a speed of 7.0 m/s. 
What Is the angle between the string and the vertical when the particle 
Is momentarily at rest? 

0(3). A 2.00-kg block and a 1.00-kg block are attached to opposite ends of a 
massless cord 2.00 m long. The cord Is hung over a, small frictlonless 
and massless pulley a distance of 1.50 m from the f1por» with the 
1.00-kg block initially at floor level as shown In Figure 4. Then the 
blocks are released from rest. What Is the speed of either block 
when the 2.00'kg block strikes the floor? 
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Figure 4 




Figure 5 



2.00 kg 




H 




A 



P 



P(3). A 2*00-kg block is dropped from a height of 40 on onto a spring 

whose force constant k is 1960 H/m. Find the maximum distance the 
spring will be conipressed. 

Q(4). A block of mass H slides on a frictionless track that is bent as in 
Figure 5. The radius of the loop is R. The block starts its journey 
'at a height H above the floor with an initial speed (at height H) 

of Vg. 

(a) How fast is the block traveling vMen it is upside down at the top 
of the loop? 

(b) How fast is the block traveling after it has completed the loop? 

(c) At point A the block starts sliding on a rough portion of the floor. 
The force of friction is F- How far beyond A does it travel before it 
stops at point P? 

R(4). A 4.0-kg block starts up a 30,0** incline with 128 J of kinetic energy. 
How far will it slide up ths plane if the coefficient of friction Is 



m). 


37*. 




0(3). 


2.60 m/s. 




P(3). 


10.0 cm. 




Q(4). 


(a) tvl + 


2g(H - 2R)3 




(E>) (v2 + 


m 




(c) (hivq -i 


■ 2nigH)/2F. 



0.300? 



Solutions 



H(2). U(r) = - A/6r^ + B/12r^^. 



R(4). 4.3 m. 



ERIC 
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PRACTICE TEST 

1, A particle of mass 16.0 kg constrained to niove along the z axis Is 

subject to a conservative force field given by F(2) = -Az + Bz, as In Figure 6. 
(F Is In newtons; the numerical values of A and B are A = 8.0, B = 1.00.) 

(a) What are the dimensions of A and B? 

(b) Find the potential energy as a function of z and sketch It. 
CU (0) - 0.3 

(c) With what speed will the particle arrive at z = 0 if it starts from 
rest at Zq = 4.0 m? 

(d) Do the same for the particle sta*^1ng at z« ^ 0.100 m. 



2. What is ineant by a conservative force? » 



3. A 16.0'kg block traveling at 6.0 m/s in a horizontal direction collides 
with a horizontal weightless spring of force constant 5.0 N/m. The 
block compresses the spring a distance s. When the spring is back to 
the uncfxnpressed positional the block is traveling with a speed of 
2.00 m/s. If the coefficient of friction between the block and surface 
is 0.40, determine the energy expended by nonconservative forces. (See 
Fig. 7.) 



Figure 6 




Z 



6 m/s 



2_m/s 



r\AAr 



k = 5N/m 



Figure 7 
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Practice Test Answers 



1. (a) A: H/t^T^ 8: H/T^, since F: Kl/T^. 

- (b) U(2) = - F(2)d2 = (A)2^ - (8)22^ 
0 9 z 

U(0) = 0 = 22^ - (1/2)2^. 

(c) {l/2)m/ + U(2) = E = const, E = U(4) - 5]2 - 8.0 = 504 0, 

at 2 - 0, U(0) = 0, E = [V2)m^^ v = 2E/m = (2 x 504)/16.0 - 63 = 7.9 m/s. 

(d) (l/2)mv^ + U(2) = E = const, E = U(O.IOO) = (2 x 10"*) - (0.50 x 10"^) 

= - 0.0498 < 0. 

Since U(0) - 0, and (l/2)inv^ > 0, the particle will not arrive at origin 
(it is repelled). 

2. A force is conservative if the work done by the force on a particle that 
moves thraugh any round trip is 2ero. 

3. + U. . + U, + E„^, E„^ = (K. - K,) + (U. - U,) = (l/2)H(v2 - v^) 
+ (0 - 0) = (i/2)(16.0 kg)(36 - 4.0)//s^ = 256 0. 



£RLC 



20 



Date 



COKSERVATIOH OF EHERGY 

pass recycle 

Mastery Test Form A 12 3 4 

Name Tu to r _ 



1- ( J^ote : The following experiiDent takes place In an orbiting space ship*) 
A KOO-kg body Is hurled against a special spring that exerts a restoring 
force given by the function F(x) = rk^ - k^x v^en defomsed frcwi equilibrium. 
What was the body's Initial: speed if It compresses the spring by 0*200 m 
bafore being stopped? The constants In the force function are k, = 100 N 
and kg - 2000 K/m -* 

2* Two 10.0-kg blocks are cohrtected together by a massless rope strung over a 
massless, frictlonless pulley* The table exerts a 20.0-fJ frictlonal force 
on m* The blocks start from rest at t =^ 0 and are allowed to accelerate 
(see Fig. 1 ). 

(a) Using only energy considerations, calculate the speed of M after It 
has fallen a distance of 2*00 m* 

(b) Calculate the kinetic energy of the two blocks after H has fallen a 
distance of 2.00 m* 

(c) Give a definition of a nonconservatlve force. Identify all forces 
that do not work In this situation* Which are conservative? Which are 
nonconservatlve? 




Date 



COKSERVATIOK OF ENERGY 

pass recycle 

Master/ Test Form 8 12 3 

Name Tutor 




1. A 2.00-kg object, initially at rest, slides down a frictionless segment of 
the track from A to 8, as illustrated in Figure 1. 

(a) Calculate the speed of the object 
at 8. 

(b) The track between 8 and C is 
sufficiently frictional that the 

object, after continuing past 8, | \ c 

comes to rest at point C. Calculate \ — 

the work done by friction in slowing \. ^ 

the object. I \^ X - 

fc) define a conservative force. ■ ^ a i r^ Y 

(d) Calculate the net work done by ^ 
conservative forces for travel between 
points A and C. 

(e) Calculate the net work done by 
nonconservative forces for travel 

between points A and C. Figure 1 

2. The potential energy of a particle of mass m constrained to move along 
the z axis is U(z) =^ Az2 + 8. 

(a) -What is the physical significance of 8? 

(b) Find the force field F(z) experienced by the particle, and sketch It 
as a function of z. 

(c) With what speed will the particle arrive at the point z = 1.00 m;^if 
it starts with zero speed at the point z = 6.0 m? Let A - 2.50 kg/s2; 
m = 7.0 kg. 
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CONSERVATIOH OF EHERGY 

pass recycle 

Hastery Test Fonn C 12 3 4 

Ham Tutor _ 



1. Define a nonconservatlve force, and give an example, ^ 

2. A block of 0.200 kg Is released from rest from Its position of being 
pressed against a spring whose length is Initially O.lOO m shorter than 
its relaxed length and whose spring constant Is 1200 U/m. The block slides 
without friction along the horizontal and up a rajnp that makes an angle of 
30,0^ with the horizontal and whose top edge Is 1.30 m above the level of 
the horizontal surface. (See Fig. i.) Detemlne the velocity of the 
block as It flies off the ramp. 

2 

3. A certain peculiar spring obeys the force law F^(x) = -Ax - Bx where 
A = 22.0 W/m and B = 18.0 fl/n?. (See Fig. 2. Note this Is not Hooke's 
law;) 

(a) Compute the potential energy function y(x), taking U(0) = 0. 

(b) One end of this spring Is fastened to a wall and the other end Is 
fastened to an object of mass M = 1 .20 kg resting on a rough horizontal 
surface. The object Is moved to the right, stretching the spring by 1.00 m, 
and then released. If iij^ = 0.50, what Is the speed of the object when It 
reaches the point at which the spring Is unstretched? 




CONSERVATION OF ENERGY 



A-1 



HASTERY TEST GRADING KEY - Form A 



What To look For 



Solutions 



1. (a) First step Is to 
find the potential. 
Check the minus sign. 



2. 



1 



(b) Hake sure all tertns 
In the ccmservatlon 
equation are present. 



(a) Complete enerc^ z. 
balance. I.e., make sure 
all terii^ are preset. 
Conimon error Is ounsslcm 
of (l/2)mv2. Check free- 
body diagram. 



(Hay be done in two steps.) 

(a) Find the potential energy from the force 

U = - F(x) dx = (k, + k„x^) dx, 

0 ' 

0(x) = k^x + (kg/S) x^. 

Gravitational forces do not enter into this 
"weightless" environment. 

(b) Using conservation of mechanical energy, 
find v: 



k^x + (l/3)k2X^ + 0=0 + (l/2)mv^, 

/ = Zk^x/m + .Zk^x^/Zm 

_ (2) (100 H] (0.200 m) 
(1.00 kg) 

^ (2)(2000 H/m?)(0.200 m)^ 
* (3)(1.0b kg); 



= 40 + 10.7 =^ 50.7 - 7.1 m/s. 



(a) 



1 



Figure 12 



1 




Us 



Figure 13 
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COttSERVATIOH OF ENERGY 


A-2 


What To Look For 


Solutions 




Conservation of total energy: 




U- + K- = + + E^^, High' + Hgh^ + 0 




= High' + Mghg + (1/2)niv'^ + (l/^Hv'^ + fh. 




(l/2)(n+ = img - f)h. 




= 2(Hg - f)h/(ni + H) = 16.0 m^/s^. 




V = 4.0 m/s. 




(b) K = (l/2)(ni + HK"^ (1/2)(10 + 10)16 




= 160 J. 


(c) Look for alternative 


(c) For a nonconservative force, the work 


definitions of non- 


done in a round trip is not zero: 


conservative force* 






f - nonconservative. 




Al ternati ve defini tion : nonconservative. 




-force - a force- is nonconservative if work 




done by it integrated around a closed path 




is not zero* 



ERIC 
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COKSERVATIOn OF ENERGY 



8-1 



KASTERY TEST GRADIHG KEY - Form 8 



Hhat To Look For 



Solutions 



ERIC 



1. (b) The energy used up in 
friction Is equivalent 
to a negative work on 
the particle by 
frictional force. 



1. (a) By conservation of total energy: 
U. + K, -Uf^Kf* E„^. 
There are no nonconservati've forces so 
^nc ' °' +0 = 0+ (l/2)nv^, 

V = (2gh^)^^2 = C(2)(9.8ni/s2)(l0.d ni)3^^^ 

_. __T_H.j0.jn/s. , - 

(b) U. + K. =Uf + K^ + E„^, 
0 + (l/2)niv^ = mghg + 0 - W^^,, 
W = nigh„ - (l/2)niv^ = (2.00 kg)(9.8 ni/s^)(4.0 m) 

- (1/2) (2.00 kg) (196 j^) 



= 1.20 X lO'' J. 



(c) Look for acceptable 
alternate definitions of 
conservative force. 



(c) If the total work done by a force in a 
royn^- triR..iXzerA,_ ttijljEprcA iSL . conservative.. 



(d) 



consv 



= -AU =: U- - = nig(h^ - h^) 



-1.20 X lO'' J. 



(e) M^.^ = -1.20 X 10"^ J; see part (b). 

2. (a) Question the student 2. (a) Physical significance - an arbitrary 
to see if he is aware constant can always be added to the potential 

of the concept but does energy. Note it cancels in part (c). 

not relate it to the 
question In this form. 



(b) Look for lack of 
negative sign in 
definition. 



Figure 14 



(b) F ' -dU(z)/dz = -(d/clz)(Az^ + 8) -2 Az. 



FCZ) 




Slope - -2A 



COHSERVAtlON OF HiERGY 8-2 

Uhat To Look For Solutions 

(c) Conservation of mechanical energy: 

^1 * ' + » 

Az^ + 8 + 0 = Az^ + 8 + (l/2)niv^, 

^ = (2A/m)(z2 - zf) = g2(2.50)/7.0)3(36 - 1) 

= 5.0(35)/7.0 - 25.0, 

v^P = 5.0 m/s. 
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C-1 



MASTERY TEST GRADIftG KEY - Form C 
Vhat To look For Solutions 



1. If the work done by a force in a round trip is 
not zero, the force is nonconservative. Friction 
and air resistance are conmon exa*np1es. 

2. Releasing the spring transfers the potential 
energy stored in the spring to kinetic energy of 
the block. 8y conservation of mechanical energy: 

U- + K. = + K^, 

O/Zjk^ +0 = 0+ (1/2)fflV^, = kx^/ra. 

As the block goes the ramp, kinetic energy is 
transfbmied to gravitational potential enei:^: 

U. + = + K^, 

0 + (l/2)niv^ = mgh + (l/2)inVp vj = v^ - 2gh. 

2 2 
Fran above, v - kx /m, 

v^ = kx^/m - 2gh - (1200 fl/in)(0.1Q0 m)^/(0.200 kg) 

- 2(9.8 m/s^)(1.30 rti) = 60 - 25.5 - 34.5, 
V = 5.9 m/s. ^ 

3. (a) Using U(x) = -/ ^ F(x) dx, 

''I 

Find U(x) for F = -Ax - Bx^: 

X 2 3 

U(x) = +/ (Ax + Bx^) dx - ^ + Uq(0) , 

U(x) = llx^ + 6x^. 



(b) Free-Body Olagram: N 



N = mg, Fg = f = pmg. By conservation of total energy; 

U. + "f * % * ' "f * *^f ' **nc' '^'^^^ + 6x^ + 0 = 0 + - /** f dx, 

llx^ + 6x^ = + jimgx, or = llx^ + 6x^ - pmgx 11 + 6 - (1/2) (1.20 kg) 

X {9.8 m/s^)(1.00 in) « 17 - 5.88 ^ 11.1 J, 



V [2(11.1 J)/(1.20 kg)]^^^ « 4.3 m/s. 



STUOV GUIOe 
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IHPULSe mo KOKEHTUH 



IHTRODUCTIOW 

Vou have already learned that you stub your toe harder trying to kick larger 
Ejasses. Now imagine another unpleasant activity; catching a bowling ball. 
This gets harder to do as the ball is dropped from higtier places. Tne *iiffi' 
culty depends both on the ball's mass and its velocity just before you apply 
the stopping force. This force can be applied in different ways. Any winner 
of an egg-throwing contest will tell you the way to stop an object with the 
least fpixe is to spread the stopping process out over a maximuin time. 

This inodule will develop the above "folk physics" into a systeni of concepts 
and equations; and even a n&f law that is believed to be more fundairiental 
than the laws from which it will be derived. This wonderful anomaly will not 
be further explored in this module^ but it does indicate soine of the philo- 
sophical richness and curiosity that continues to be part of this science. 
The concepts are "center of mass" and ''linear momentum'*; the law is called 
"conservation of linear nxsnentum." 



PREREQUISITES 



Before you bej^in this module^ Location of 
you should be able to: Prerequisite Content 

*E}escribe the motion of a body moving in a plane Planar Motion 

(needed Yor Objectives 1 to 3 of this module) Module 

*Solve problems requiring the application of Newton's Laws 

Newton's second and third laws (needed for Module 
Objectives 3 end 4 of this module) 



LEARNIffG OBJECTIVES 

i^fter you have mastered the content of this module^ you will be able to: 

1. Center of mass - Write the formulas for the center of mass (cm.) of a system 
and explain all the terins, Write the fornmlas for the linear momentum of 

a system. Explain all the terms. 

2. Linear momentum - Given the masses, positions, and velocities of all particles 
in a systan, find the position and velocity of the center of .mass, and the 
total (vector) linear momentum. 



2.9 



STUDlf GiiWEz Idpulse and Mosientum 2 

3. fapulse - Given a force versus tiise graph or function for a systesi, calcu- 
late the change of the systen's linear iDOcnentuin. 

4. llnrar-BK^nentma conservation - Recognize conditions for which the linear 
QKKnentun) of a systau is conserved. 
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3(B 1) 



TEXT; Frederick «J. ftiedie, Introduction to Physics for Scientists and Engineers 
(KcGraw-Hin, riew York, 1975}, second edition 



SUGGESTED STUCff PROCEDURE 

Read Chapter 9, Section 9.1 first. This explains the center of mass. Then read 
Qiapter 7, Section 7.1, which Introduces linear nromentuni and In^ulse and the 
relation betvfeen them. 

«ow read Section 9.2, which partially shows how to calculate the velocity of 
a systeu's center of nass; Vou solve Eq. (9.3) for v / ^ and similar but 
unspecified equations for v^/^ _ \ and v_/^ „ \. The velocity con^jonents are 

jT \ L •III* / QmUlm J A A A 

then confclned Into a single velocity: v^ „ = v^/ „ %1 + v„/ „ \j + v,/ 
This section also relates the external forces acting on a system to the inotlon 
of the system's center of mass. 

Although Section 7.1 describes a single particle, Sections 9.1 and 9.2 have 
shown how to reduce a system of masses Into a sonnwhat equivalent single 
particle. This particle has the total mass of the syst^ and Is located at 
the center of mass of the syst^. It Is equivalent only In that It has the 
same linear mcinenttim as the system. !f you do not need to know details of the 
Internal structure of the system, you can apply the Ideas of Section 7.1 to 
systems of masses by treating them as a single particle located at the center 
of mass. For example, the earth Is regarded as a particle by the scientists 
who calculate very hlgh-altltude satellite orbits, but such an earth would be 
without meaning to most geologists. 

8UECHE 



Objective 
Hufliber 


Readings 


Problems with 
Solutions 


Assigned Problems 


Additional 
Problems 






Study Text* 
Guide (nius.) 


Study 
Guide 


Text* 

(nius.) 




1 


Sees. 9.1, 
7.1 


A 




A 






2 


Sees. 9.1 , 
9.2 


A, B 


9.1 


A, B 


9.1 


Chap. 9, 
Probs. 1, 3, 4 


3 


Sees. 7.1, 
7.2 


C 


7.1, 
7.2 


C 


7.1, 
7.2 


Chap. 7, 
Quest.* 10, 12 


4 


See. 7.4 


D 


7.3» 
7.4, 
9.1 


D 


7.3, 
7.4, 
9.1 


Chap. 7, 
Quest.* 5, 7 


*n(us. » 


IMustrationts}' 


Quest. 


~ guestion(s;. 
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STUDY &ildEt Impulse and Konientuin 



3{B 2) 



Continue to read Sections 7.2, 7.3, and 7.4. Iteep in mind that now when the 
text specifies a particle it can also be intenireted as referring to the 
cm. of a system of Fosses. 

tead the General Coianents; and read and understand how to solve the problem 
set. If you need additional help work scare of the Additional Problems. 

Try the Practice Test. 
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TEXT: David Halliday and Robert Resnick, Fundamentals of Physics (Miley^ New 
York^ 1970; revised printing, 1974) 



SUGGESTED STUDY PROCEDURE 

Read all of Chapter 8. Understand and know Eq. (8-3b}. It contains all the 
previous equations In this chapter. Equation (8-4b) Is Eq. (8-3b) In calculus 
form. The next Important equation Is (8-8). It also sums up the arguments of 
Section 8-2. Section 8-3 starts out with a definition you must mmorize: the 
linear njomentum of a particle, Eq. (8-9). Equation (8-10) will be used In 
Sections 8-4 and 8-5. It Is a statement of Newton's second law. Section 8r4 
shows how to calculate the total linear jnomentum 5:f a system of particles: 
Eq. (8-12). Equation (8-13) can be used to find Vcm, . Equation (8-10) appears 
again In a more restricted form as Eq. (8-15): the Internal forces have been 
eliminated. You should know why. Section 8-5 begins with the Important 
equations describing the conservation of linear momentum, but paradoxically 
does not give them numbers. 

Read and understand Examples 1 to 6 In this chapter. Then read Section 9-2 
In Chapter 9. Read the General Comments; and read and understand how to solve 
the Problem Set. If you need additional help, work some of the Additional 
Problems. 

Try the practice test. 



HALUDAY AND RESNICK 



ERLC 



Objective 
Number 


Readings 


Problems vfitfi 
Solutions 


Assigned Probleins 


Additional 
Probl ems 






Study Text 
Guide 


Study Guide 




1 


Sec. 8-1 


A 






Z 


Sees. 8-1, 
8-2, 8-4 


A, 8 Chap. 8, 
Ex.* 1, 
2, 3 


A', 8 


Chap. 8,. 
Quest. 1 to 
4, 10; 
Probs. 1 to 



Sec. 9-2 



Sec. 8-5 



C Chap. 9, 
Ex. 1 to 4 



D Qiap. 8, 
Ex. 4, 5, 
6 



*Ex. = Example(sJ. Quest. = Question(s). 
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13, 21, 22 

Chap. 9, 
Quest. 3, 4, 
8; Probs. 1 
to 13 

Chap. 8, 
Quest. 5, 8, 
9; Probs. 23 
to 39 
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TEXT: Francis Weston Sears and Hark H. Zemansky, University Physics (Addison- 
Wesl^, Reading, Hass., 1970), fourth edition 



SUGGESTED. STUDY PROCEDURE 



University Physics does not Include center of mass, and therefore other texts 
must be suggested for this Important topic. Read the indicated sections In 
one of the three texts listed below. 



Author and Text 



Topic 



Section 



Frederick 0. Sueche, Introduction to Physics 
for Scientists and Engineers (Mctraw- 
Hlli, New York, 1975), second edition 

David Halllday and Robert Resnick, 
Fundamentals of Physics (Wiley, Hew York, 
1970; revised printing, 1974) 

Richard T. Weidner and Robert L. Sells, 
Elementary Classical Physics (Allyn and 
Bacon, Boston, 1973J, second edition. Vol. 1 



center of mass 
motion of cm. 



center of mass 
motion of cm. 



motion of cm. 
center of mass 



9.1 
9.2 



8-1 

8-2, 8-4 



6-1 , 8-4 
6-2 



SEARS AND ZEMAfiSKY 



ERIC 



Objective 
Kiimber 


leadings 


Problems with 
Solutions 


Assigned 
Problems 


Additional Problems^ 






Study 
Guide 


Text 


Study 
Guide 




1 


Use one of the 
readings recoi!- 
mended above. 
Sec. 8-1 


A 


Exf 1, 
2 (Sec. 
8-2) 


A 




2 


Use one of the 
readings recom- 
mended, above 


A, B 




A, B 


B: ehap. 9, 1, 3, 4 (non- 
calculus), 5-8 (calculus) 
HR: Chap. 8, Quest.* 
1-3, 10; Probs. 1-13, 
Ex. 1-3 

WS: 6-1, 6-3 to 6-8 
(calculus) 


3 


Sec. 8-1 


C 


Ex. 1 
(Sec 
8-1) 


C 


8-3, 8-4 (calculus) 


4 


Sec. 8-2 


D 




D 


8-5 



18 ■ Bueche. 



HR = Halllday and Resnick. WS ~ Wefdner and Sells. 
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3(SZ 2) 



The above readings develop the Idea of replacing a system of masses by an 
1mag1naf7 but somewhat equivalent mass particle. This particle has the same 
total mass as the system and Is located at a place called the center of mass 
(cmj of the system. In Chapter 8, Sections 8-1 and 8-2, University Physics 
develops the Ideas of inomenttim and impulse for particles, and these concepts 
can be applied to all systems of masses since you now know how to reduce 
systems to equivalent particles. 

Read Chapter 8, Examples 1 and 2 In Section 8-2 show that the momentum of 
a system of particles Is the sum (vector) of the momenta of the particles. 
Read the General Comments; and read and understand how to solve the Problem 
Set. If you need additional help, work some of the Additional Problems. 



Try the Practice Test* 



STUDY GUIDE: Impulse and Komentum 



3(HS 1) 



TEXT: Richard T. Weidner and Robert L* Sells, Elementary Classical Physics 
(Allyn and Bacon, Boston, 1973), second edition. Vol. 1 



SUGGESTED STUDY PROCEDURE 

Read Chapter 5, Section 5-5. This section defines the linear nxxnentum of a 
particle: Eq. (5-2). It furthermore shows by a worked example that In a 
particular collision the total linear monientum of the two colliding particles 
does not change. The total linear momentum of a system of particles Is defined 
In Eq. (5-5). Work through Examples 5-1 to 5-3. You should draw figures showing 
the llnear-momsntum vectors of we systems before and after the collision. 

Now read Chapter 6, Sections 6-1 and 6-2. These sections show you how to 
calculate the velocity and the location of a system's center of mass (cm.). 
They also give you a method of reducing any collection of masses to a single 
somewhat equivalent particle located at the cm. Now you have the tools to 
apply any rules for particles to collections of masses. The remainder of this 
module will show you how to use these tools. 

Read Section 7-4 In Chapter 7. Here you are shown the relationship between 
the linear momentum of a system and the forces acting on the system: Eq* (7-6). 
Example 7-3 should be understood. 

Read Chapter 8, Section 8-4. This Is an Important section because It tells -you 
the general requirements for a system In order that Its linear momentum be 
conserved. Example 8-8 Is a good review of the Ideas presented In this module. 
There are summaries at the ends of the chapters that gather the Ideas Into a 
few lines. 

Read the General Comments; and read and understand how to solve the Problem 
Set. If you need additional help, work some of the Additional Problems. 

Try the Practice Test. 



WEIDNER AND SELLS 



Objective 


Readings 


Problems with 
Solutions 


Assigned Problems 


Additional 
Problems 






Study Text 
Guide 


Study 
Guide 


Text 




1 


Sec. 5-5, Chap. 
6, Sec. 8-4 


A 


A 






2 


Sec. 5-5, Chap. 
6, Sec. 8-4 


A, B 


A 




5- 3, 6-1 to 

6- 8, 6-5 
(calculus) 


3 


Sec- 7-4 


C 


C 




7-2 to 7-9, 
7-11, 7-12 


4 


Sec. 8-4 


D 


D 
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GEHERAl CO?«EHTS 



1. Center of Hass 

The center of mass (cm.) of a system is an intrinsic property of that system. 
Although the foninilas for the position of the cm- give it as the distance 
from the origin of a coordinate frame, the position of the c.m. does not move 
with respect to the system if the origin is tnoved. The distances frotn the 
origin to the cm. will change, of course. But this is only because the origin 
or the system as a whole has moved. 

This property allows you to pick any point as the origin in a problem where 
you have to find a cm. A clever choice may simplify your calculation. Look 
for a synanetry axis in your system and place the origin somewhere on it. Or 
you can place the origin on one of the system's particles. 



2. Linear Homentum 

Linear-momentum vectors are added like ariy other vectors, but they exist in 
linear-momentum space (see Figure 1). Two-dimensional examples of a linear- 
momentum, space and an ordinary coordinate space are shown below. Points in 
ordinary space show position,, and vectors in this space show displacements, 
Points and vectors in linear-momentum space represent linear momenta. You 
have no information about the position of anything in linearrifiomentum space. 
Sometimes when solving problons you may draw displacement and linear-tRpmentum 
vectors in the same figure and not realize that they are superimposing ordinary 
and linear-momentum spaces. Watch out! This can lead to mistakes such as 
attempts to ^dd displacement and linear-momentum vectors. 




Y 




P 



X 



X 



Momentum Space 



Coordinate Space 



Figure 1 
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3. Coordinate System 

You will learn that the total linear Rjomentum of a system is the product of 
the total inass of the systen and the velocity of the system's c.ni. If the 
system has zero resultant external forces acting on it, its c^m. is not 
accelerated . Thus the cm. moves at constant velocity* ahd a coordinate 
systeoi whose origin Is placed at the cm. and moves with It will be an Iner- 
tial coordinate system. Furthernore , the total linear momentum of the system 
relative to that origin Is zero because the velocity of the cm. relative to 
the origin (at the cm.) Is zero. Here Is another case where a good choice 
of coordinate-system: origin jngy sometimes simplify a problem. By placing the 
origin at the system's cm. (providing the c*m^ Is not accelerating) you can 
use the fact that the total linear momentom of the system Is zero. 

This placement of the coordinate system's origin establishes what Is called 
the center-of-mass coordinate system or center-of-mass reference frame . 



PROBLEM SET WITH SOLUTIONS 



A(l). (a) A system of several particles Is shown in Figure 2. You are told 
the mass of the particles and their position coordinates relative 
to the coordinate axis. Explain how to find the center of mass of 
the system. 

(b) At the Instant shown In Figure 2 the particles are In motion, m^ 
Is moving upward (+2 direction) with speed- v^ . Is moving to 
the left (-y direction) with speed Vg. m^ Is moving toward m^ with 
speed Vy Explain how to find the total linear momentum- of the 



system. 




I 



1 7/- 



T- 



Figure 2 
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Solution 

(a) By inspection of the figure you can see that the era. will be at a place 
that has x, y, and z coordinates. Your texts give formulas for each of 
these coordinates: 



n 



n 



, 1 



n 



c.ni> 



i=l 



i=l ^ ^ i=l ^ 



c.ni> 



N n 

Z y.mj Z m- 

i=i ^ ^ 1=1 ^ 

E z-m-/ 2 m. 

i=i ^ ^ i=i ^ 



1 



n 



jjr S m .y - 
« 1=1 1 1 



1 



n 



= X, 



= V, 



= z. 



Since this problem uses particles and not extended bodies you can use the cm. 
formulas for particles. If the masses were not particles you would have to 
use the calculus formulas for cm. coordinates. 

The cm. of the system (see Figure 3) is located at the point having coordinates 

fx , y , z ). Yfflj can also express the position of the cm. by 
^ cm. ''cm.' cm.' 

specifying the vector ^ . Use unit vectors and write 

^ A A >^ 

^cm. " ^.m.""' *^c.m.^ * ^c.m.*=- 

The problem could also have been given to you in terms of the masses and their 
position (or displacement) vectors. You would then have the additional first 
step of resolving the position vectors into their components, i.e., finding 
the x^ , y^ , z^ , X2,.... 




Figure. 3 




Figure 4 
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(b) The total linear momentum of the system is the sum (vector) of the momenta 
of its parts. In this problem you must calculate the linear momentum of each 
particle and then add th^ to obtain the total linear momentum. The momentum 
of each particle is p « mv, where m is the mass and v is its velocity. The 
momenta vectors would look as shmvn in Figure 4, and the total linear momentum is 

P = P-, + + P3 = = m^v^ + nigVg + mgV^. 

Since the three momentum vectors of the particles are not collinear nor even 
coplanar, the best way to add them is by their components* Resolve the velocity 
vectors into their x» y» and z components and add them: 




The total linear momentum and its components would look as shown in Figure 5. 
Although it's not asked for in this problem, you should recognize that V is 
the velocity of the center of mass of the system. 



8(2). Three particles are moving radially outv/ard from the coordinate origin, 
at angles of 120^ to one another in the xy plane. Their masses are 
m^ = 1.00 kg, = 2.00 kg, and = 0.80 kg, and their speeds are 
v^ =,6.0 m/s, Vg = 2.00 m/s, and v^ = 10.0 m/s, respectively. 

(a) Sketch the system in a coordinate frame. 

(b) k!hich particle has the momentum of greatest magnitude? 

(c) What is the total momentum of the three*particle system? 

(d) Find the velocity of the cm. 

Solution 

(a) Draw an xy coordinate system and show, the particles and their motions on 
it (Figure 6). There are many ways to place the particles on the coordinate 
system. In Figure 6 one of the particle*s trajectories was placed along the 
y axis. This will save effort later if it becomes necessary to resolve the 
velocities or momenta Into components in the x and y directions. 
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Also draw the monjentio vectors for the three particles (Figure 7). The 
Magnitudes luay be wrong in this figure because the linear inooienta have 
not yet been calculated; but this gives you an idea of the momenta and their 
directions* flow start answering the questions* 

(b) Linear njoinentum is p - niv, and its niagriitude is p ^ mv* For each particle: 
h " ^1^1 ^ kg)(6.0 m/s) = 6.0 kg m/s, 

p2 = n^Vg = (2.00 kg)(2.00 m/s} ^ 4.0 kg m/s* 

P3 ^ " kg)(10.0 m/s) = 8;o kg iq/s. 

Particle 3 has the largest linear-ntomentum magnitude. Mb can now redraw 
Figure 7 to scale as Figure 8. 




y 




120^ 120* 




Figure 6 




Figure 7 




' Figure 8 
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(c) The total linear C30fl)entum of the syst^ Is 

P ^ + P2 + Pa- 
in pictorial fonn this addition is shown in Figure 9, and you see from inspec- 
tion that ^ ^ 0. Pity. 

Unless you prefer to work directly with the polygon in Figure 9 the best 
method to find P is to find its x and y cdsaponents and add (vector) than. 
This will require you first to resolve the EKsnenta of the three particles 
into their x and y coinponents (refer to Figure 7): 

Pi = P^j = n^v^j = (6.Qj) kg n/s, 
Pg = Pg cos (30*)? + pg sin (SO^X-j) 

= [(S.0)(0.866)i * (8.0)(0.500)J3 kg m/s, 
P3 = P3 cos (30*')(-i) + P3 sin [ZOm-h 

= [(4.0)(0.866)i - (4.0)(0,500)j3 kg n/s. 



Use 




' ^x * P2X * P3x " ° * (8.0)(0.866)i - (4.0)(0.866)5 
= 3.5i kg m/s, 
Similarly 

^y " hy ^ Pay ^ " - (8^0)(0-500) - (4.0) (0, 500)33 kg m/s = (5 
for this case* Thus for the total linear moinentum, 

^ = [(2.pO)(K732)?3 = 3.5? kg m/s. 

(d) The velocity of the center of mass is the total linear momentum of the 
syst^ divided by the system's mass: 

^c.n. = = ^^/^ " ^ ^'^ %(t,n.) = ""l^l * * Vxn- - 

Thus ^ „ or ^ = [(2.00)(1.732)i kg m/s 3/3.8 kg = (0.53)(1.732)i n/s = 0.921 m/s, 
c *m* 

\^c,m.) " E(2-00)(l-732) kg n/s3/3.8 kg = 0.92 m/s. 



vrfiich is the magnitude of the velocity of the cm. 
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C{2}. A croquet ball (mass 0.50 teg) Initially at rest Is struck by a siallet, 
receiving the Impulse shown In Figure 10. Hhat Is the ball's velocity 
Just after the force has becocie zero? Assume the graph Is a parabola. 



Figure 10 




Figure 11 



0 

Initially 



after force becones zero 



Sol ution 

This Is an Impulse problem. The croquet ball's initial velocity (and there- 
fore Its Initial nKwaentum) Is zero, and you want to find its final velocity. 
Since you are given the ball's mass, you must find its final momentum and 
divide by the mass; v^ = ^^m. 

Note that the problsn is one dimensional, and you are not told the direction 
the ball rolls. However, you are asked for the ball's velocity (vector), 
and you must just assume a direction such as "horizontally to the right,'' 
and proceed to find the speed. Start with 



/ ? dt = Ap = niv^ - mv- 



and apply this equation to the croquet ball. Since v. - 0, you can solve for 
v^ algebraically: 

^i 

You know m and the Integral is the area under the force versus time graph. 
Here are two ways to Integrate this area: 

1) 5:oijare goontinp : See Figure 12. Each small square has an area of (100 H) 
0.200 X 10 ^ 0.Q200 N s. Now you simply count the number of squares under 
the graph and multiply this by the area of one square. A count accurate to 1% 
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gives 210 squares. Thus tlie total area Is 

/ ^ F dt = (210 squares)(0.0200 H s/square) - 4.2 « s. 



Since this Is a one-dlnienslonal problem the vector notation has been dropped: 



Vf4/Sdt and ,^-.p^.8AWs. 

(2) Calculus: /Uj equation for a parabola is y = However, this parabola 
passes througfi- the origin, but^our^raph does not have F at zero when t is 
zero; fc*ius the equation F = kt^will not wbrtc for you. The equation 



(F - 2200 n) = k(t - 2.00 x 10'^ s)^ 



win work, if you evaluate k. Pick a point such as F ^ 0 and t = 0.50 x 10" , and 
plug these values into the above equation. Itiis gives 



Mow 



and 



k * -9.78 X 10^ N/s^. 



F ^ (9*78 X 10^ H/s^)(t - 2.00 x 10^^ s)^ + 2200 N 



t^ 3.4 X 10'^ S o o q o 

/ ^ F dt / ^ C(-9.78 X 10** N/s'^Xt - 2.00 x 10^^ sT + 2200 H3dt 

t^ 0.50 X 10"^ s 



« (-9.78 X 10** n/s'^) f -i it - 2.00 X lO""* s)"^ dt 

0.50 X 10'^ s 



3.4 X 10'^ s 



+ (2200 N) ^ 



3.4 X 10'^ s 



50 X 10'^ s 



dt. 



-3 

A change of variable will siinplify the first integral, Let t - 2.00 x iO s h t. 



lOON 



□ 



0.20X10""^s 



Figure 12 
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Then dt = dr, and changing the Units of Integration gives us 

P ^ 1.4 X 10"^ ^ 3.4 X 10"^ 

F dt ^ (-9.78 X 10** H s^) / ^ dr + 2200 H/ ^ <it = 4.38 H s. 

-1.50 X 10'^ 0.50 X 10"^ 

fjote here that this value Is a bit more than the one obtained from square count- 
ing. Pdsslbly the assuisptlon that the graph was a parabola s>ninetr1c about 
2 X 10^^ s was not correct. As before, 

Vf = 4.38 H s/0.50 kg = 8.76 in/s = 8.8 rn/s. 



D(2). A child runs and leaps Into a stationary wagon. The wagon can roll 

without friction on the level, rough driveway, but It is not headed In 
the direction the child was running. The wagon and child n)ove In the 
direction the wagon was pointed. 

(a) Is the linear nx^sentunt of the child-wagon system conserved in this 
process? Explain why. 

(b) Are any llnear-inonientuni components of this system conserved? 
Explain why. 

Solution 

(a) Momentum Is conserved If the total linear mom^tum of the syst^ does not 
change. Before the child Jumps on the wagon she alone has some linear momentum. 
The total linear momentum of the systan then Is In the direction the child Is 
running. When the child Is aboard the rolling wagon the total linear-momentum 
vector of the system points In the direction the wagon Is rolling. This Is 

not the direction In which the child was running, and thus the linear momentum 
of the system cannot be the same before and after the child jumped on the 
wagon. It Is Impossible for two vectors to be equal If they are not In the 
same direction. The linear mofnentum of the system has not been conserved. 

(b) Another way to Identify momentum conservation Is by the use of the equation 

^1 

If . Is zero, then so will be ip. 
ext ^ 

Furthermore, If there Is any direction In which some component of ^g^^^ is 
zero, the conponent of ip In that direction will also be zero. In your 
problem the Wagon rolls with friction In the direction It is pointed. There 
cen be no external forces acting on the system In this direction, and the com- 
ponent of the system's linear momentum In this direction Is conserved. You 
should realize that there Is a considerable external force on the system when 
the child lands In the wagon: the frictlonal force between the wheels and the 
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rough driveway. This is the force that causes the maaentum of the system 
to change. 

An often overlooked, but not always trivial, direction in vdilch monentuni 
aiSht be conserved is the vertical. The external vertical forces acting on 
the child-wagon systera add to zero (assuming the child's cm. moves hori- 
zontally); and the system's change in nffioientum in the vertical direction is 
thus also zero. The systei»*s linearnnosiientum component In the vertical 
direction remains zero during the process. 



PRACTICE TEST 

1. Explain how conservation of momentum applies to a handball bouncing off a 
wall. 

2. Three particles floating in space are attached to one another with springs. 
Their masses are 5.0 kg, 7.3 kg, and 12.2 kg, respectively. One of the 
particles is hit by a meteorite. The force-time graph of this col lision 

is shown in Figure 13. Calculate the change in momentum of the three- 
particle systen. 

3. (a) Write the formula for the center of mass of any systan. Explain what 
you would need to know about the system in order to calculate it. 

(b) Write the formula for the linear momentuni of airy systan whose parts 
are moving in straight lines and not rotating. Explain what you would 
need to know about the system in order to calculate it. 



F{N1 



3 




2 



1 



1 



2 



3 



4 



6 



t(10-3s) 



5 



Figure 13 
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Practice Test Answers 

1. The linear nxxnentun of the ball Is certainly hot conserved. The ball's 
inomentuni has flipped direction owing to the force froai the wall. If you include 
the wall and everything it is attached to in your systeen then motnentum nust 
be conserved: no external forces act. It Is not easy to visualize the wall's 
iRooientuni changing during the collision, but it does. Its great mass permits 
a very small velocity change. 

t- 

a. Use / ^ ^gj^^. dt = A?. 
*1 

"Hie s^tem is the three masses and the springs. The spring forces are inter- 
nal. The only external force is provided by the meteorite. 

^ dt - 3.00 N s. 
Thus, A? = 3.00 li s In the direction of the external force. 

H N n 

m ^ E xm/ E m + E (/ X dm// dm), 
c-in. ,-=1 ,-=1 

N N n 

= i:yin/i:m + i:(/y dm// dm), 
c-m. ,-^1 ,-^1 

H n 
„ = E zm/ E m + E (/ z dm// dm) 
i=l 1=1 1=1 

for particles and extended bodies. You must know all the masses and positions 
of the particles; and the positions, shapes, and density distributions of 
the extended b«lies* 

(b) P ^ Z mv + E m^, „ 
1=1 1=1 
particles extended 
bodies 

You must know the masses and velocities of the particles; and the masses 
and velocities (of any portion) of the extended bodies. 
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Date 

pass recycle 
12 3 4 



Hanie . ■ ^ Tutor 



1. (a) Write the formlas for the center of mass of any system. Explain all 
the tems. 

(b) ifrite the fonnulas for the linear monjentuiu of any system that has no 
rotation. Explain all the terns. 




Two particles are mying apart as shown in the figure above. The mass m^ 
is 5.0 kg and is 3.00 kg; at the instant shown they are 6.0 m apart. 
Each has a speed of 15.0 m/s. 
' (a) Find the center of mass of this system at the instant shown. 

(b) Find the total linear momentum of this system at the; instant shown. 

(c) Find the velocity of the center of mass of this system at the instant 
shown. 

3. A 2.0-kg ball falls at a constant speed of 0.100 m/s through. a viscous fluid.. 
What is the force of the fluid oh the ball? 

4. Attack or defend the following 'statement: If a system is made large enough 
its linear momentum is always conserved. 
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Mastery Test Pprm 8 



Name 



Date 

pass 
1 2 



recycle 



Tutor 



1. (a) You are shown a system of particles and larger bodies In motion. What 
would you have to know about the system to calculate Its center of mass? 
How would you calculate the center of mass of this system? 

(b) None of the bodies In the above system is rotating. What would you 
have to know about the system to calculate Its linear momentum? How would 
you calculate the linear momentum of the system? 

2. (a) Starting with a statement for the conservation of linear momentum, 
show that It takes an external force to accelerate the center of mass of 
a system with constant mass. 

(b) You are a prisoner In a 4,0-m-long boxcar whose frictlonless wheels are 
1.50 m from the top of a downhill grade (see Figure I). If you can get 
the car to start rolling downhill, you can escape to friendly territory- 
The end of the car nearest the grade Is stacked directly over the wheels 
with 1000 50'kg gold bars. The car has a mass of 40 000 kg. How many 
bars must you move to escape? Assume you can move the gold the full -4.0 m 
and Ignore your mass. 

3. A vertical rod Is connected to a 40-kg particle (see Figure 2). The rod 
exjBrts a time-varying force on the particle, which can be calculated from 
the function 

f ' (200 + 300t)j H. 

(a) What 'Is the force on the particle at 0 s? Do not neglect gravity. 

(b) Calculate the particle's change of linear momentum between the first 
and second seconds. 

(c) Is there a time when the linear momentum of the particle Is not changing? 
If so, calculate this time. 

(d) Is there any component of the particle's linear momentum that Is always 
conserved? If so, what Is It and why Is It always conserved? 




particle 



rod 



Figure 1 



Figure 2 
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Date - 

pass recycle 
12 3 4 



Name - Tutor . . . 

1. (a) Hrite the formula for the center of mass of any syst^. Explain what 
you would need to know about the system In order to calculate It* 



(b) Write the fomuila for the linear monientuni of any system of nonrotating 
masses moving in straight lines. Explain what you would need to know about 
the system In order to calculate It. 

2. A 30*0'kg particle Is suspended by a string. The string Is pulled upward 
and exerts a time-varying force on the particle. The magnitude of this 
force Is given by the function 

F ^ (350 + 150t^) 

(a) What Is the force on the particle at 0 s? 

(b) Calculate the change In the linear mcMi^nttmi of the particle between 
the second and third seconds* 

(c) Is the change of the particle's linear momentimi per second constant? 
Why? 

3. For which of the following systems (undierllned) Is linear monientum conserved? 
Justify your answers. 

(a) Two colliding billiard balls , rolling on a pool table* 

(b) A canoe with three nonpaddling occupants on a smoothly flowing river* 
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^^ASTERV TEST GRADING KEY - Form A 



Hhat To look For 



Solutions 



1. Syst^ Includes part- 
icles and extended bodies. 
The student must shoW some 
realization that the 
location of the cm. Is 
with respect to a set of 
axes. Two- or three- 
dimensional answer. 

If In part (b) the 
student Introduces the 
troubles with nonrlgid 
bodies, you must make a 
contiient to him that this 
Is too advanced for this 
course. 



l.(a} the answer must o^blne the cm. coordinates 

for all the masses Into a single set of ^ 

coordinates: either X „flY„»Z ^ orr „ 

c.m. cm. c.m. cm. 

N N n 
c.m. 1 1 



for Y and - » or 
c*m. c*ni« 



c.vni cm. cm. cm. 



(b) p = ( Z mX) .articles * ( ^ m > 

1 1 particles ^-^'extended bodies 

Other forms and an answer In components are OK. 



2. The student's choice 
of coordinates. Coimient 
on ah awkward choice, 
and suggest a better one. 
However, a poor choice 
will not make the problem 
wrong. Directions should 
be given for vector 
quantities. 



2-(a) 




y m ^ 0; placement of coordinate ^stem. 
c .m. 

= (3.00 kg) (6.0 Tn)/8.0 kg = 2.3 m. 
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2.(b) 



P ^ ^1 * ^2 ' ""l^l * V2' 

[(5.0 kg)(15.0 m/s) - (3.00 kg)(15.0 m/s)}3 
« 30 j kg m/s. 
(c) f = H and 



£RIC 



3. 



The velocity of the ball Is constant, and thus 
so is its linea.r momentum. The total external 
force on the ball is zero. There are two 
external forces acting on the balT: It's, weight, 
and the force fran the liquid. 

f « s mg. (2.pd)(9.8)5 kg m/s^ = 19-.6j H, 



The statement is true. By Increaising the 
size of the systemj more and more of the - 
forces becpm^ internal forces. Spirie students 
are clever enough to attack the stateirieht 
successfully. You must, be equally c'leVer 
In analyzing their arguments. For" eca#le,. 
If it is argued that very small external - 
forces Wi:lT cause unmeasurable' momenl^ 
changes to large' masses, and therefore; all 
the forces do not have to be Internal forces, 
you must accept this. However, you nilght; 
mention that an. .improvement in the technology 
of momentumometers. might make their argument, 
wrong. Jio mt accept arguments, based on one- 
particle universes. 
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MASTERY TEST GRADING KEY - Form B 



What -To Look For 



Solutions 



1 . System includes 1 
particles and extended 
bodies. The student must 
show some realization that 
the location of the cm- 
is with respect to an axis. 
Two*^ or three-dimensional 
answer. If in part (b): the 
student introduces the 
troubles with nonrigid 
bodies, you must make a 
conment to him that this is 
too advanced for this course. 



.(a) The answer must combine the cm. coordinates 
for all the masses into a single set of ^ 
coordinates: either _ > Y^ „ , or r 

U . Ill . 



C;m; cm. cm. 
n 



cm. 



< ' z X.m-/ z m. + z (/X dni//dm)i 
cm. 1 1 1 



^or Y^ ■ and i „ , or 
cm.. cm. 



c-m. cm. c^m.- c^nt. 

You must know mass and- position of all particles; 
and position, shape, and density distribution of 
the extended bodies. 



i^l ^ ^ particles j=l ^'^'extended bodies. 

You must Know mass and velocity of all particles. 
For extended bodies you pgly need to know the 
total mass and the velocity of any part of the 
body. 



2. (a) Start with 

*ext " ("^c.n,./") "'■ 

and. argue that if the left-hand sides of these 
equations are not zero neither wilt the rightr 
hand sides be :2erp. Recognize that the right- 
hand sides, whicfj: all have a change in yeloc.ity, 
contain, tfie acceleration of the center of mass.. 

(b) The Cim. of the- system does not move. As 
the bars are moved to- the left the car must roll 
to the: right. 



2.(b) The student 
should realize that here 
is a case h^ere the 
center of mass will mot 
accelerate. ^Ince it is 
Initially at rest it will 
corttlniie to be at, rest 
-relative to some place 
outside the system. Of 



IMPULSE AND HOHBiTUM 



B-2 



What To look For 



Solutions 



course, once the front 
wheels n»ye ever the 
edge of the Incline a 
net external force acts, 
and the center of mass 
accel erates. 




Neglect prisoner's mass. 

Xg - b, = a/2, Xg + 0, 



X = a, Mj. + Mg = He + Hq + M , 

Hj. (a/2 +b) + Hgb = M^. (a/2) + 0 + H^a. 

Solving for M : 

m' « (M(i) + Mgb)/a « 33 750 kg, 
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IMPULSE ATiD mmm 



B-3 



What To look For 



Solutions 



tiunber of blocks iix>ved Is 



3. Magnitudes and 
directions of vectors. 
Recognition that this Is 
mainly an Impulse 
problem. In part (c) 
there will be an instant 
Vfhen the particle's 
momentum change Is zero. 
It Is poor practice to 
say that nxHnentum Is 
conserved then. 



3. (a) Two forces: y 





At t ^ 0, ^ = 2O03 iU ^ = mg(-j)* 
Total force =t + -192] ti. 

(b) Use ^ f at = Ap, 



2 s 

/ [(-192 + 300t)j3 dt = 258j kg tn/s. 



(c) Yes, when ^ = 0. t = [(-192 + 300t)3j = 5 
when t = 192/300 = 0.64 s. 

(d) There are no horizontal forces acting on 
the particle. Thus the horiztmtaT conptments. 
of the linear manentum remain constant. 

/f dt = A? 

and if ^ = 5, 0, 



1 s 
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ifipuLSE mo mmmiH 
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MASTERY TEST 6RA0IN6 KEY - Fom C 



What To look For 



Solutions 



1 . System Includes 
particles and extended 
bodies. The student imist 
show some realization that 
the location of the cm. 
is with respect to an axis. 
Two- or three-'dlmenslbnal 
answer. If In part (b) 
the student Introduces 
the troubles with nonrlgid 
bodies » you must make a 
conment to him that this 
Is too advanced for this 
course. 



1.(a} The answer nnfst cocnblne the cm. 

coordinates for all the masses Into a single 

setj)f coordinates: Either , Y^ _ , _ 

cm. 



n 



n 



n 



cm. 1 1 T 



for Y^ „ and - , or 
c.m. cm. 

^ A A ^ 

« = „ 1 + Y^ „ 3 + Z, „ k. 
cm. c^m» cm. cm. 

You mist know inass and position of all 
particles; and position, shape» and density 
distribution of the extendeii bodies. 

(b)?=(zn-^-) +(?k1„) 

1=1 ' 'i>articles j=l '^''"'extended bodies 

You nnist know mss and velpci'1^ of all particles. 
For extended bodies you need only know the total 
mass and the velocity of any part of the body. 



2. Magnitudes and 
directions of vectors. 
Recognition that this 
Is mainly an impulse 
problem. 



2. (a) two forces.: 




At t = 0, f^ sm H, t= mg(3). 
Force: f + tf = 563* 

tf 

(b) Use / T dt tt. 



3 s 



/" '[(56 + 150t^)i3 dt » [(56^+ 950)34 
2 s = 1006j kg rn/s. 



IMPULSE Aso vmmm 



c-2 



What To Look For 



Solutions 



3. The student imist 
understand that his answer 
vnll depend on the existence 
of external forces acting 
on tf;e system* 



3* Depending on the viewpoint, both yos and no 
can be justified: 

(a) Yes - internal forces between the balls are 
Involved and dominate at the mcHBent of 
collision; external forces are ccEsparatlvely 
small * 

Mo " over a slightly longer time Interval, the 
interaction of the balls vnth the table mst be 
considered; since the collision will result In 
sos^ slippage of the balls on the table, th^ 
are subject to a friction force that my change 
the mcxnentum of the two-ball system* 

(b) Yes_ - the net force is zero, vertical 
forces of water and gravity cancel, no paddling 
fseans zero horizontal force; inotion of river is 
sniooth, does not give rise to fferce* 

?to * If river flows around curve. 
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Module 

STUDY GUIDE 



1 



mAXmPL HOTIOH 



IHTRODUCTIOH 

There Is a lODtlon of a systdn of inasses that Is as slisple as the notion of a point 
inass on a straight line. It Is the rotation of a rigid bod[y about a fixed axis. 
For example, we live on a rotating earth, use rotating devices such as a potter's 
wheel or a phonograph turntable, and test our luck with a spinning roulette wheel. 
All of these are objects whose inotlon Is described by the tiEae dependence of a 
single variable^ the angle of rotation. He shall study the angular equivalent 
of unlfonaly accelerated nsotlon for sooie rotating objects. 

This module also begins the study of rotational dynamics by Introducing the dy- 
namical quantities torque and angular momentmn for a point mass moving In a plane. 

PREREQUISITES 



Before you. b^ln this module, 
you should be able to: 



Location of 
Prerequisite Content 



^Calculate the vector product of two given vectors 
(needed for Objectives 1 and 2 of this module) 

"^Describe the motion of a body In unlfom circular 
motion (needed for Objectives 1 and 2 of this module) 

^Mathematically describe the change of linear momentun 
of a particle or system of particles as a function 
of time (needed for Objective 3 of this module) 

*Apply Hewton's second law to the solution of mechanical 
problems (needed for Objective 3 of this module) 



Vector Hultlpll cation 
Module 

Planar Motion 



Impulse and 
Momentum 
Module 

Newton^s Laws 
M5du1e 



UARHlfiG OBJECTIVES 

After you have mastered the content of this module, you will be able to: 

1- Rotational kinematics - Define angular displacement, velocity/, and accelera- 
tion for the case of rotation of a rigid body afiout a fixed axis; for the 
case of constant angular acceleration, use the relation among these quan- 
tities to solve probleuB in rotational motion- 

2. Angular-linear relation * Using the solution of a problem in angular vari- 
ables, deternrine the linear displacement, velocity, and acceleration of 

a point on the rotating body- 

3. Rotational dynamics - Define torqufe and angular momentum and apply them 
to a point mass moving in a plane. For sojne specific examples, calculate 
torque and angular momentum from fbirce and velocity; show in such examples 
that the time rate of change of angular momentum is equal to the torque. 



£RLC 
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STUDY WIOZ: Ibtational Motion 



TEXT: Frederick 3. Buecfte, Introduction to Physics for Scientists and Engineers 
(HdJraf-Hill, Hew Yorlc, 1975), second edUion 



SUGGESTED STUDTf PflOCEDURE 

Read the General CoioDents. Then read Chapter 10; be sure you understand the 
definition of angle measured in radians as introduced in Section 10.1 and used 
in £q. (10.5) and Figure 10*6. Section 10.2 is interesting but not relevant, since 
we liinit this module to rotations about a single fixed axis. The relations of 
angular kinematics are sunsnarized in Eqs. (10.2), (10.4), and (10.6)* Illustra- 
tions 10.1 and 10.2 show hw these equati(^s are used, as do Probleis A and C 
of this niodule. Sections 10.5 and 10.6 show how to detemine linear accelera- 
tions from the angular quantities. This completes Objectives 1 and 2. 

Section 11.1 in Chapter 11 introduces the dynamic relation between torque and 
angular acceleration. As noted in the General ConEoents, mrV is just the time 
rate of change of angular loomentum if r is constant. Section 11.2 reminds you 
of the vector product; with this in ^and*you can then go touSection 12.5 in 
Chapter 12 where the basic relation t - dU/dt is developed (j = L h angular mmen- 
tm). See problems B and D for app1icat_icns of their result. Renenber that if 
r, T, V are all in the same plane, then t and J(t) are perpendicular to that 
plane. Work the problem belarf before taking the Practice Test* 

Problem 

A 3.00-kg particle is at x = 3,00 ni, y = 8.0 m with a velocity of V - (5.0i - 6.0j) 
m/s. It is acted on by a 7.0-N force in the negative x direction, (a) What is 
the angular mosnentum of the particle about the origin? (b) What torque about the 
origin acts on the particle? (c) At what rate is the angular monjentum of the 
particle changing with time? [See Answer below.) 

SUECHE 



Objective 




Problems with 


Assigned Problems 


Additional 


Huiiber 


Readings 


Solutions 


Study Text 


Problems 




Study Text* 








Guide 


Guide 





Sees. 10.1 A 
to 10.4 

Sees. 10.5, A 
10.6 

Sees. 11.1, S 
11.2, 12.5 



Illus. 

10.1, 

10.2 



Chap. 10, 

Probs. 

3-5 

Chap. 10, 
Probs. 
7, 8 

Chap. 11, 
Probs. 
1, 2j 
Chap. 3, 
Prob. 16 



Chap. 10, 
Probs. 1, 2, 
6 



*Illus. - Illustrationts). 
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STUDY GUIDEr Rotational Motion 



2(HR 1) 



TEXT: David Halliday and Robert Resnick, Fundamentals of Physics (Mil^, Kew YorJt, 
1970; revised printing, 1974) 



SUSGESTED STUDY PROCEDURE 

Read'the General Cdinments. Then read Chapter ID; be sure you understand the 
definition of S in radians, and reuenfeer that our relations between linear and 
angular quantities are true only for e» tj» a in radian loeasure. Tabl^ 10-1 
suninnarizes the relations between kinenatical variables, but beware of 
Eqs. (3-14) and (10-4); v and u are functions of time, as you see in Eqs. (3-12) 
and (10-3). Exaji^le 1 illustrates the use of these equations. Section 10*4 
relates the linear velocity and acceleration to the appropriate angular quantities. 
Figure lD-5 and Exanrole 2 should make these relations clear. How do Problons A 
and C, and the assigned problems in Chapter 10. This completes Objectives 1 and 
2. 

Before starting Chapter 11, you m^y want to revief the definitions of vector 
(cross) product in Section 2-4^(pp. 19, 2D). As you read Sections 11-2 and^ 
Tl-3, keep in mind that if ?, r, and v all lie In a plane, then the torque t 
and angular monientum I are alw^s perpendicular to that plane. See Figures 11-1 
and 11-3. Exanple 1 illustrates these concepts in a nontrivial case (same as 
Problem 8). Also work through Problem 0 and the assigned problems of Chapter 11. 
Take the Practice Test. 



HALLIDAY AHD RESHICK 



fbjectlve 




Problems with 


Assigned Problans 


Additional 


Hiitrter 


Readings 


Solutions 




Problems 






Stutiy Text* 


Studty Text 








Guide 


Guide 





1 


Sees. 10-1 
to 10-3 


A 


Chap. 
10, Ex. 
1 


C 


Chap. 
10, 
Probs. 
9, 10, 
13 


Chap. 10, 
Probs. 7, 11 , 
15, 16 


2 


Sec. 10-4 


A 


Chap. 

10, 
Ex. 2 


C 


Chap. 
10, 

Probs. 
1, 4 


Chap. 10, 
Probs. 16, 19, 
20 


3 


Sees. 11-1 
to 11-3 


B 


Chap. 

11, 
Ex. 1 


D 


Chap. 
11, 

Probs. 
1, 3, 

7 


Chap. 11, 
Probs. 2, 4-6 



*Ex. = Example(s). 
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STUDir QilDZt Rotational Motion 



2(SZ 1) 



TEXT: Francis Weston Sears and Hark Zemansky, University Physics (Addlson- 
Wesley, Reading, Kass., 1970), fourth edition 



SUGGESTED STUDY PROCEDURE 

Read the General Cduinents. Then read Sections 9-1 through 9-4 In Chapter 9. 
Be sure you understand the definition of angular measure In radians; the 
relations found In Section 9-5 are true only for 8 ineasured In radians. The 
relations bet^en the kinematic variables are derived In Section 9-4. The 
example In Section 9-4 Illustrates their use, as do Probleiis A and C of this 
Bjodule. The relation bet^en linear accelerations of a point on a rotating 
bo4y and the angular variables Is developed In Section 9-5. This con^letes 
Objectives 1 and 2. 



Torque Is defined In Section 3-1 of Chapter 3, and applied to the rotational 
(dynamics of a point mass m- In a rotating body In Section 9-6. We shall defer 

discussion of an extended body and the moment of Inertia, I until the module 

2 

Rotational Dynamics. For a point mass, I Is mR . Angular momentum and torque 
are discussed for a point mass In Section 9-9. Notice that If r, ^, and v all 
lie In the same plane, then the torque and angular momentum are parallel to 
each other and perpendicular to the plane. Problems 8 and D Illustrate these 
Ideas. Work the problems belov^ before taking the Practice Test. 



SEARS PSiD ZEI^ANSKY 



Gbjecti've 
Number 


Readings 


Problems with 
Solutions 


Assigned Problems 


Additional 
Problems 






Study 
Guide 


Text 


Stu^y 
Guide 


Text 




1 


Sees. 9-1 
to 9-4 


A 


Sec. 
9-4, 
txawple 


C 


9-2 to 
9-4 


9-1 


2 


Sec. 9-5 


A 




C 


9-6, 
9-9 


9-5, 9-7, 
9-8 


3 


Sees. 3-1, 
9-6, 9-9 


B 




D 


3-1, 
9-42 
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STUDY GUIDE: Rotational Motion 



2(SZ 2) 



Probleflis 

1. A 2.00-kg particle Is Initially at the location x = 4.0 m and y ^ 0 m. 

The particle Is subject to a constant force of 6.0 U In the negative y direc- 
tion. Relative to the point (10.0 m, 0 m): (a) What Is the particle's 
angular momenttmi, and (b) the torque on the particle, both as functions of 
time? (c) Show for this particular example that torque equals time rate 
of change of angular momentum. Notice that this Is just like Problem 8 
In the Problem Set. 

2. A 3.00-k^ particle is at x = 3.00 m, y = 8.0 m with a velocity of 

V = (5.0i - S.Oj) m/s. It is acted on by a 7.0-K force In the negative 
X direction, (a) Mhat Is the angular momentum of the particle? 
(b) What torque acts on the particle? (c) At what rate Is the angular 
momentum of the particle changing with time? 



* s/ m 6)1 5195^- (D) -ui H 's/ju 6)| ^ni' (e) 'Z 

O O V V C V 

•ui N Jlge (q) -s/ju 6;i }\{^st) (e) -i :sj9Msu\f 
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STUDY GUIDE: Rdtatlonal Motion 



2(HS 1) 



TEXT: Richard T. Meidner and Robert L. Sells, Elementary Classical Ptosics 
(Allyn and Bacon, Boston, 1973), second edition. Vol, 1 



SUGGESTED STUDY PROCEDURE 

Read the General Comments. Then go to Section 4-5 In Chapter 4 for the defini- 
tions of angle and angular speed. Section 12-1 In Chapter 12 discusses linear and 
angular motion with constant acceleration. Remember that the equations that 
relate linear and angular quantities (e,g., s = R8) must have angles in radians. 
Equations (12-8) and (4-16) relate the components of linear acceleration to 
the angular variables and radius. This is a good place to go over Problems 
A and C, and work the problems in Chapters 4 and 12. This completes Objectives 
1 and 2, 

Sections 11-1 and 11-2 of Chapter 11 give a general discussion of angular veloc* 
ity and angular momentum. You will probably want to review the definitioh of 
the vector (cross) product in Sections 2-6 and 2-7 before tirying Sections 11-3 
and 11-4, Remember that for the case of a particle moving in a plane, the 
angular momentum about a point in the same plane is always normal to the plane. 
The same is true of torque if the force lies in the plane; Figures 11-9 ^nd 
11-10 Illustrate this point. At this point, study Example 11-1 and Problems 
B and D. Try the Practice Test. 



WEIDNER AND SEaS 



Objecti ve 


Readings 


Problems with 
Solutions 


Assigned Problems 


Addl tlonal 
Problems 






Stutly 
Guide 


Text* 


Stu(iy 
Guide' 


Text 




1 


Sees. 4-5, 
12-1 


A 




C 


12-1, 
12-3 


12-4 


2 


Sees. 4-4 
to 4-6, 
12-1 


A 




c 


4-23 


12-2, 12-6 


3 


Sees. 11-1 
to 11-4 


B 


Ex. 11-1 


D 


11-1, 
11-3 


11-2, 11-4, 
11-8, 11-9 



*£x. = Example(s). 
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STUDY GUIDE: Rotational Motion 



3 



GENERAL COHHENTS 

For rotation about a fixed axis, each point in a body moves in a circle con- 
centric with the axis of rotation (see Fig. 1). This radius R of the circle is 
the perpendicular distance of the point from the axis. The linear and angular 
fitotlon have a simple relationship; 

s ~ Re, ds/dt = V =* ^ ^ R de/dt, dv/dt = a = Ra ^ R da^/dt, 

where s, v, and a are tangential linear distance, velocity, and acceleration, 
respectively; 03, a are the corresponding angular quantities. The above 
equations imply that angles 6 are itieasured in radians; other coimion units for 
angle are degrees {e.g.,f45**) or revolutions (e.g., 10 r). th^ are related by 
2ir rad ~ 360** ^1 r. You may wish to review the relations for linear motion 
given in Rectilinear Station . Because of the above relationships between linear 
and angular variables, one can make the table (constant acceleration): 



Linear . Angular 



s = Vpt + (a/2)t^ 


e = £.]^t + (a/2)t^ 


ds/dt = V - Vq + at 


d6/dt = u = tijp ■*• at 


= Vq^ + 2as 


2 2 



Note that a is tangetlal acceleration. A particle moving on a circle of radius 

2 2 

R also has a radial acceleration a - -v /R = R- In either the linear 

- 2 2 

or angular case, the first two equations arise by integration of d -s/dt = a 
2 2 

(const) or d /dt ^ a(const). The last equation Is obtained by eliminating 
t from the first two; it also follows from conservation of energy j. 

In order to discuss dynamics, i.e., the relation between forces and accelera- 
tion, we start from Newton's second law: 

F ^ (d/dt)mv ^ dp/dt 

for a point mass m- In discussing rotations, we note that a force t is most 
effective in producing an angular acceleration if it Is applied far from 
the axis of rotation, and is directed perpendicular to both a line from the 
axis of rotation and the axis of rotation. For example, a door Is most 
easily opened if the knob is as far from the hinge as possible, and the force 
is perpendicular to the plane of the door. 
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STUDY GUIDE: Rotational Motion 4 

The mathematical quantity that has those properties is r x f , which is called 
torque. The vector r is measured from the axis of rotation or from an origin. 
The vector product r ^t is largest when r and F are perpendicular, and the 
direction of r « f 15 along the axis of the rotation caused by We can intro- 
duce torque into the equation of motion of a point mass as follows (see Fig. 2)* 
Start with Newton's second law: 

T = ma * m(dv/dt) - 
Form the vector product of r with each side: 

r X f s f X m(dv/dt), 
„_ _ _ _ ^ defined by L = r x mv, and notice that 

dt/dt = (d/dt)(r x niv) = (dr/dt) x mv + r x m(dv/dt), dt/dt ^ r x m(dv/dt). 
The last equation follows from the fact that 

(dr/dt) X mv - V X mv ^ 0- 
(The vector product of parallel vectors is zero*) We can thus write 

f X F = (d/dt)(r X mv) = dt/dt, TORQUE ^ (d/dt)(ANGUUR HOMEtfTUM)- 

For the case of motion and forces in a plane, torque and angular momentum are 
always perpendicular to the plane; the angular momentum can be expressed simply 
in terms of angular velocity as follows: 

r = (r cos e)i + (r sin 6^^, 

V = [(dr/dt)(cos e) - (de/dt)(r sin e)]i + [(dr/dt)(sin e) + (de/dt)(r cos 8)]j, 
t = r X m V 

- [(r cos e)i + (r sin e)j] x m{[(dr/dt)(cos 6). -^(de/dt)(r sin e)]i 
+ [(dr/dt)(sin e) + (de/dt)(r cos e)]j}- 
All terms with dr/dt add to zero because the radial component of v is parallel 
to r (see Fig. 3): 

t * [mr^ cos^ e(de/dt) mr^ sin^ e(de/dt)]k ^ (mr^w)k. 




STtlDV GUIDE: Rotational Motion 



5 



This result is very important and is used in the following module Rotational 
Dynamics , !n the special case that r is constant^ we get 

= dl^dt = fnr^(d{4/dt) = mr^a. 

This result for a point mass m moving in a circle of radius r is the basis for 
the treatment of an extended rigid botiy in Rotational Dynamics, It says that 
the angular acceleration depends not only on the torque and mass»^ but also on 
the distribution of mass (distance from the axis of rotation). The term mr^ 
is the rotational inertia^ or moment of inertia (1) for a point mass. 



PROBLEM SET WilH SOLUTIOKS 

A(l»2). A phonograph turntable Is turning at 3.49 rad/s (33 1/3 r/min) and has 
a radius of 0.150 m. A friction brake brings It to rest with uniform 
acceleration in 15.0 s. 

(a) What is the angular acceleration of the turntable? 

(b) !n how many revolutions does it stop? 

(c) At oj = 3.00 rad/s while slowing down, what are the radial and tang- 
ential accelerations of a point on the turntable rim? 

Solution 

(a) GJ = + cft has -the right variables. 

a = (a> - a,(,)/t = " = "0.233 rad/s^. 

(b) 9 = Wpt + (a/Z)t^ = (3.49 rad/s)(15.0 s) + (.l/2)(-0.233 rad/s^)(15.0 s)^ 

= 26.1 rad = 26.1 rad (1 r/2Tr rad) = 4.16 r. 

(c) a^ = -w^r = -(3.00 rad/s)^(0.150 m) = -1.35 m/s^. 
a^ = ar = (-0.233 rad/s^)(0.150 m) = -0.035 m/s^. 

8(3). A mass m falls under gravity as shown in Figure 4. The jnotion is given by 
X = s, 

y = -(g/2)t2, = dy/dt = -gt. 
Calculate the torque and angular momentum about 0 and show that 
TORQUE = (d/dt) (ANGULAR HOHENTUH). 




STUDY GUIDE: Rotational Motion 
Solution 

Since the motion Is In a plane all torques and angular momenta are normal to 
the plane; let k be a unit vector out of the paper. Then 

_y_ _y_ A A A 

T = r X F = (Si + yj) X (-mgj) = ^mgSk, 

^ ^ A A A A 

L = r X p (51 + yj) X (-gtj)in =* -mgStk. 

Notice that t Is just t nmltlplled by a constant. Differentiate with respect 
to time: 

dt/dt (d/dt)(-mgstk) = -mgsk = 

Notice that we can write t In terms of angular variables. From Figure 4, we 
see that 

y ^ s tan e, V - dy/dt - (dy/de)(de/dt) = soj/cos^ 

Substituting^ we find 

L = mV sk = m(s /cos e)k - mR ak. 

This Is a general result mentioned In the General Coninents. 



Problems 

C(l,2). You live on a disk-shaped asteroid of radius 200 m (see Figure 5). 

(a) If the radial acceleration at the edge Is 9.8 in/sS what Is 
the angular velocity? 

(b) The acceleration to t^e above velocity from rest Is done with a 

2 

tangential linear acceleration of 0.50 m/s . How long does It take? 

D(3). A point mass m moving on a circle of constant radius R Is accelerated 
from rest (s - v = 0 at t * 0) by a force whose tangential canponent F 
Is constant. See Figure 6. 

(a) What Is t^e torque about 0. 

(b) Uhat Is the angular monentum about 0 at time t? 

(c) Show that t = dt/dt. 

Solutions 



C(l,2). (a) a^= -oj^R, 

= (-a/R)^^^ - (9.8 ni/s^/200 m)^^^ = 0.221 rad/s. 



r 

01 



2 

(b) a^ - oRj a ' 0.0025 rad/s , oj ^ at, 

03 ^ 0.221 rad/s 
^ 0;0025 rad/s"^ 
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STUDY GUIDE: Rotational Motion 7 

D(3). (a) tioticB that whereas there Is usually a radial con^onent of the 
force It does not contribute to tiie torque. Only the component 
perpendiculv to R contributes, so t = kRF^. 

(b) Use Newton's second law to get a: 

= ml, a = (F^m)t, then V = at = (r^/m)t. 

*-»■-»■ ^ ^ 

L = r X mv = Rni(F^m)tk = RF^tk. 

(c) As in the last example, notice that t is just a constant multiplied 
by t: 

dt/dt = (d/dt)kRF^t ^ RF^ic = t. 



ERIC 
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STUDY GUIDE: Rotational Kotion 



8 



PRACTICE TEST 

1. While waiting to board a helicopter, you notice that t^e rotor angular 
velocity went from 300 r/jn1n to 225 r/niln with constant acceleration In 
one minute. Ihe rotor radius Is 5.0 m. 

(a) Hhat Is the angular acceleration? 

(b) Assuining constant angular acceleration, how long will It take to 
stop frOTi 225 r/iiiln? 

(c) How roaiiy revolutions will It make In this time? 

(d) At Z25 r/inin, Miat are the radial and tangential accelerations at the 
rotor tip? 

2. A planet of mass m moves iri a circular orbit about 1ti8 sun at constant 
speed V. The orbit has radius R, and a constant magnitude force F Is 
directed toward the sun (see Figure 7). 

(a) What Is the torque about the sun? 

(b) What Is the angular motnentim of 
the planet about the sun? 

(c) Show that x = dt/dt. 




Figure 7 



•iiaAUi = J (q) 
ssnBPsq 0 = (^x J) *0 = 1 (b) '2 



69 



'gS/u! gaz = B 

19-0 = *B (p) 
•J 8££ =4 S'ltt = 6 [0) 
•s 081- = ujui 00-£ « 4 (q) 
•^s/p5U igfO- = » 
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ROfTATIOHAL HOTIOH 
Mastery test Form A 



Bate 

pass req/cle 
1 2 3 



Ham 



Tutor 



1> The spin drier of a washing machine Initially turning at 20.0 rad/s 
slows down uniformly to 10.0 rad/s In 50 revolutions. The drier Is 
a cylinder 0.300 m In radius^ 

(a) What Is the angular acceleration? 

(b) What Is the time required for the 50 revolutions? 

(c) What are the radial and tangential accelerations on the side 
of the drier as It begins to slow down? 

2. A poijjt m at r - x1 ^- y^ has a velocity v = v^^i + v^ and Is 
accelepateS by a force ? Fj. If t andX are referred to the orig 

(a) Calculate the torque t 'about the origin. 

(b) Calculate the angular moinentuRi t about the origin. 

(c) Show that T - cC/dt. Reissraber that v ^ dr/dt and f = mt. 




4^ 




Figure 1 
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ROTATiaiAL mm 

Mastery Test Rjra B 



Date 
pass 
1 



recycle 
2 3 



Haroe ^ Tutor . .. 

1. According to measurensents made by cesiun clocks, the earth is slowing down at 
a rate a = -3 x lO r/d yr. If this rate is constant, 

(d) How many dcys (of current length) will it take to stop? 1 d « 86 400 s. 

(b) How many revolutions (sidereal dcys) will it sake in stopping? 

(c) What is the present radial acceleration of a point on the earth's 
equator? 

(R ^ 6.4 X 10^ n. 1 d = 86 400 s.) 

2. A pendulun has a mass m on the end of a massless rod of lei^th R and idoves 
under gravity. Using 6 as a coordinate, and the result 

X f| = i^l ' If I sin a. 

(a) Calculate torque about 9. 

(b) Calculate angular momenttsn about 0. 

(c) Show that dVdt^ = -(g/R) sin 6. 




m 



mg 



Figure 1 
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Hastery Test Fona C 



Date 
pass 
1 



recycle 
2 3 



Tutor 



1, 



2. 



A particle of ciass 8.0 kg coves through the point r = (-4.01 - 6.0j) m with 
the velocity v = (6.0i + 4.0j) m/s, A force f = (2,00i - 3.003) N acts on 
the particle. 

(a) Khat is the torque on the particle with respect to the origin? 

(b) Khat is tiie angular njonsntum of the particle with respect to the origin 
at this time? 

(c) What is the rate of change of the particle angular momentum? 

Astronaut training can include work in a centrifuge (rotating cylinder) of 
6.0 m radius that spins with an angular velocity w = 2.00 rad/s, 

(a) Khat is the radial acceleration at R - 6.0 m? 

(b) The angular velocity is increased to 3.00 rad/s in 15 r. 
What Is the angular acceleration, and how long does it take? 




Figure 1 
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ROTATiOriAL miOH A-1 
MASTERY TEST GRADIHG KEY - Fom A 

What To Look For Solutions 

2 2 

1. Oloose correct equation. 1. (a) a = (« - u p)/2e, 
&)nverte to radians. 

Correct units and signs. «= 10.0 rad/s, = 20.0 rad/s, 

e = lOftr rad, a - -0.48 rad/s^. 

(b) t = (tt - UQ)/a = 20.96 s. 

(c) a^ = -to^r = -120 m/s^, a^ = oar = -0.143 m/$^. 

2. Definitions of t, t. 2. (a) t = r x f = (x1 + yj) x Fj, t = xFk. 
Evaluation of cross product. ^ ^ ^ ^ ^ ^ ^ 
Use = dx/dt, r = r xmv = (xi + yj) x + y). 



^ ' "'('^ydt). t = (xVy - yVj^)k m. 



dt Wy ^dt dFx ^^''^ 
dV^ dV^ - ^ ^ 

"(^Bt - W^>*^"''*'^^ = ^- 
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JWTATIQNAL HOTIOfi B-1 
HASTFRV TEST CRAOTHS KEY > Fnm B 

Mhat To Look For Sol utichs . 

1. Choose correct equation. 1. (a) t = (o - (api/a. 

Convert to SI units or carry 1 00 r/d 

given units through equation. * 3.00 x lo"^ r/d yr 

= 3.30 X 10^ yr = 1.20 X 10^^ d. 

(b) 6 = Opt + (l/2>at^ - 1.00 r/d x 10^ yr 

= -3.00 X 10-^ r/d yr ^3 3Q ^ ,(,8 y^j2 

= 6.1 X 10^** r. 

(c) » nmst be In radians (c) w = 3^400 s " ^'^ ^ ^''"^ rad/s, 
per second to calculate 2 2 

a^ = -w r » -0.034 m/s . 

2. (a) Definition of T. 2. (a) t = r x - mgR sin 6 (Into paper). 

(b) Definition of t, (b) t = r x = n!R^(de/dt) (out of paper) . 

(c) dt/dt = t. inR^(dVdt^) = -mgR sin e, 
d^dt^ = -(S/R) sin 6. 
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ROTATIOIiAl MOTION 

MASTERY TEST GRAPIHG KEY - Form C 



What To Look For Solutions 



l.(a) Definition of t. l.(a) t = r x ^ = (-4.0i - 6.0j) x (2.00i - 3.00j) 
Evaluation of vector 

product. Units. = (12.0 * 12.0)k N m = 24.0k N m. 

(b) Definition of t. (b) t = r x = (-4.0? - 6.0j) x 8(6. Oi + 4.0j) 

Vector product. Units. ^ g^.^g^g ^ 3gj^ , ^g^^ ^^^^ 



(c)"dt/dt = T = 24.0k N 



m. 



2 2 
2. (a) Choose correct 2. (a) a = -a r = -(2.00 rad/s) (6.0 m) 

(b) Choose correct (b) a = (u^ - UQ)/2e, 

equation. u = 2 00 rad/s, u = 3.00 rad/s, 

2 

9 is in radians, not 6 = 15.0 r = SO.Ott rad, a = 0.0265 rad/s , 

revolutions. 

t * (u - Up)/a = 37.7 s 38 s. 
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